Abstract. In this paper, we provide a Hodge-theoretic interpretation of Laurent phenomenon for general skew-symmetric quantum cluster algebras, using Donaldson-Thomas theory for a quiver with potential. It turns out that the positivity conjecture reduces to the certain statement on purity of monodromic mixed Hodge structures on the cohomology with the coefficients in the sheaf of vanishing cycles on the moduli of stable framed representations.
Introduction
Cluster algebras were introduced in [FZ02] . They form a certain class of commutative algebras with a distinguished set of generators, which are called cluster variables. If the cluster algebra has rank n, then the set of generators is a union of distinguished n -element subsets called clusters. There is a rule of mutation of such clusters, when one cluster variable is replaced by some very simple rational function in the variables of the same cluster:
where x is the cluster variable, x ′ is its replacement, and M 1 and M 2 are monomials in the other cluster variables in the same cluster. Moreover, all clusters are obtained by such mutations from any given cluster.
The most surprising property of cluster algebras is Laurent phenomenon: any cluster variable is actually a Laurent polynomial in the variables of any given cluster. It leads to the well-known positivity conjecture: all such Laurent polynomials have non-negative integer coefficients.
We suggest [Ke1] , [Ke2] as nice survey articles on cluster algebras and their categorification.
In [P1] , Plamondon obtains uses certain categorification of cluster algebras to obtain a general formula for cluster monomials for skew-symmetric cluster algebras. The same formulas are actually obtained in [DWZ2] , the coincidence is shown in [P2] . The resulting coefficients are Euler characteristics of some quiver Grassmannians. However, this does not imply the positivity conjecture, since a priori Euler characteristic can be negative.
Another approach to categorification is studied by Nakajima [Nak] . He uses it to prove positivity conjecture (w.r.t. all seeds) for cluster algebras coming from bipartite quivers.
In the Appendix of [Nak] the positivity conjecture is proved for acyclic initial seed. It was announced by Y. Kimura and F. Qin [KQ] that they have a generalization of Nakajima's results on categorification for all acyclic quantum cluster algebras (see below the definition of quantum cluster algebras), which implies positivity conjecture w.r.t. all quantum seeds which are mutationally equivalent to an acyclic seed.
Our approach is very close to the paper of K. Nagao [Nag] . He uses Donaldson-Thomas theory (in a framework different from our paper) for quivers with potentials to obtain the same formulas for cluster variables (which can be easily generalized for cluster monomials), under certain assumptions on the quiver with potential: the potential should be polynomial and this property should be preserved under a finite sequence of mutations. The reason for such restrictive assumption is that the Donaldson-Thomas theory is not well-developed at the moment for the case of formal potential (see below).
The goal of this paper is to obtain the formulas for quantum cluster monomials, using the approach of [Nag] , for arbitrary skew-symmetric quantum cluster algebras. Also, our results can be viewed as a generalization of quantum cluster character [Q] . We use the framework of mixed Hodge modules for Donaldson-Thomas theory, which is developed in [KS10] , and has first been considered in [DS] in the geometric situation. Positivity conjecture does not follow automatically from our results (as it does in [Q] for acyclic initial seed), but it reduces to a certain conjecture on purity of monodromic mixed Hodge structures (see below).
We will deal with skew-symmetric quantum cluster algebras, as introduced in [BZ] . Every skew-symmetrizable cluster algebra can be quantized in the sense of [BZ] . Here the algebra is non-commutative: it is contained in the skew-field of fractions of a quantum torus. If L ∼ = Z m is some free finitely generated abelian group, and Λ : L × L → Z a non-degenerate pairing, then the quantum torus T Λ is an algebra over Z[q
, with a distinguished basis X e , e ∈ L, satisfying
The cluster variables are M (e i ), 1 ≤ i ≤ n ≤ m, the cluster monomials are M (λ), λ ∈ Z m ≥0 , and the elements M (e i ), n + 1 ≤ m, are called coefficients, they do not change under mutations. Taking the Z[q ± 1 2 ] subalgebra A S ⊂ F Λ generated by all cluster variables, coefficients and their inverses in a given mutation-equivalence class S of quantum seeds, we obtain the quantum cluster algebra (Definition 2.1).
Again, the Laurent phenomenon holds: if L = Z m , and there is some quantum seed (M,B) in S, with M (c) = X c , then
(Theorem 2.3). We also have positivity conjecture: all cluster monomials have positive coefficients as elements of T Λ .
We will obtain a Hodge-theoretic interpretation of quantum Laurent phenomenon for all cluster monomials, using Donaldson-Thomas theory for a quiver with potential, developed in [KS10] . First, we replace the base ring Z[q One can associate to the matrixB a (non-unique) quiver Q with the set of vertices {1, . . . , m}, and define the mutations for quivers (Subsection 2.4).
Let Q be the quiver corresponding toB, and
The notion of mutation can be extended to quivers with formal potentials (QP's) [DWZ] , see Subsection 4.2. Suppose that the polynomial QP (Q r We have Ginzburg DG algebras [G] Γ Q,W ,Γ Qr,Wr , inclusions
and similarly forΓ Qr,Wr (Subsection 4.1). We have a natural choice of equivalence
coming from Nagao's result [Nag] (Theorem 4.7 below). Also, put
whereΓ Qr,Wr,j are indecomposable projective DG modules.
As usual, for any finite quiver Q with the set of vertices V (Q), we denote by χ Q the Euler form on Z V (Q) :
where a ij is the number of arrows from i to j.
Theorem 1.1. There exist a central charge Z on Q r , and an angle 0 < φ < π, such that
where we view γ as an element of K 0 (D b (Γ Qr,Wr )). In particular, we have that
More precise formulation is Theorem 5.3.
In the terminology of [FZ07] , the vectors [Γ k,λ ] are g -vectors, and the polynomials
are motivic quantum F -polynomials.
Corollary 1.2. In the assumptions of the above Theorem, suppose that for some λ and for all γ we have that
For any quiver Q with the set of vertices {1, . . . , m}, denote by Q [1,...,n] its full subquiver on the vertices 1, . . . , n. As a consequence, we obtain the following result. Actually, below we formulate a Conjecture 2.5, which is stronger than positivity conjecture, and prove it under the assumptions of Theorem 1.4 (Theorem 6.6).
The paper is organized as follows.
In Section 2 we recall the definition of skew-symmetric quantum cluster algebras (Definition 2.1), formulate Laurent Phenomenon (Theorem 2.3) and Positivity Conjecture (Conjecture 2.4). Here we also propose a stronger conjecture (for skew-symmetric case) about Lefschetz property (Conjecture 2.5).
Section 3 is devoted mostly to an overview of DT theory for a quiver with polunomial potential, in the framework of mixed Hodge modules. Following [KS10] , we recall moduli of quiver representations (Subsection 3.1), the category of monodromic mixed Hodge structures (Subsection 3.2), Donaldson-Thomas series (Subsection 3.3) and factorization theorem for them (Theorem 3.6). Here we also recall stable framed representations (Subsection 3.4), and obtain a formula relating them to DT series (Theorem 3.7). Result of this kind is actually standard in Donaldson-Thomas theory.
In Section 4 we recall various notions and results on categorification of (quantum) cluster algebras: Ginzburg DG algebras (Subsection 4.1), mutations of quivers with potentials and decorated representations (Subsections 4.2, 4.3), derived equivalences of Keller and Yang between Ginzburg DG algebras of two QP's related by a mutation (Subsection 4.4). We recall the tilting of t-structures using torsion pairs (Subsection 4.5), also the theorem of Nagao (Theorem 4.7) about the natural derived equivalence arising from the sequence of mutations. In Subsection 4.6 we recall the result of Plamondon (Theorem 4.9), and explain how it is related to the theorem of Nagao (Lemma 4.10).
We also recall 3 CY A ∞ -categories associated with quivers with potentials (Subsection 4.7) and explain how they can be used to extend DT theory to some quivers with formal potentials, in particular, to QP'S which are mutation equivalent to polynomial QP's (Subsection 4.8). We end this section with explaining that torsion pairs arising naturally from a sequence of mutations (from Theorem 4.7) actually come from some central charges and decompositions of the upper half-plane into disjoint union of two sectors (Theorem 4.17).
Section 5 is devoted to the proof of Theorem 1.1, the more precise formulation is Theorem 5.3. The central charge and the angle φ come from Theorem 4.17. First, we obtain a formula for cluster monomials using conjugation by certain DT series (Theorem 5.1) and then, using Theorem 3.7, we obtain the desired expression in terms of stable framed representations.
In Section 6 we explain that the positivity conjecture reduces to a conjecture on purity of critical cohomology (the first half of Conjecture 6.8), and the stronger conjecture on Lefschetz property (Conjecture 2.5) reduces to the (conjectural) existence of Lefschetz operator on critical cohomology (the second half of Conjecture 6.8). We easily show that purity and existence of Lefschetz operator holds in the case when either initial or mutated seed is acyclic (Theorem 6.6), in particular proving Theorem 1.4. We also give an example when the relevant mixed Hodge module of vanishing cycles is not pure, but the critical cohomology is however pure.
In Section 7 we conjecture that for the relevant moduli of stable framed representations, there exists an exceptional collection in (the Karoubian completion of) the homotopy category of matrix factorizations. This conjecture implies the first half of conjecture 6.8, namely the purity.
In Appendix we prove Theorem 4.15, which allows to use DT theory for some quivers with formal potentials.
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Quantum cluster algebras
In this section we introduce skew-symmetric quantum cluster algebras, formulate the Laurent Phenomenon and the Positivity conjecture, following [BZ] .
2.1. Quantum torus. Let L ∼ = Z m be a free abelian group of rank m, and Λ : L×L → Z be a skew-symmetric form. We associate to the pair (L, Λ) the based quantum torus T Λ .
It is a Z[q
The product is given by the formula
Clearly, we have commutation relations
Associativity is obvious. Further, we have that the ring T Λ satisfies (left and right)
Ore condition, hence we have its skew-field of fractions F Λ , which contains central subfield
Toric frames.
A toric frame is a map M : Z m → F Λ , which is of the form
where η : Z m → L is an isomorphism of lattices, and ϕ ∈ Aut
Consider the skew-symmetric integral form
It is clear that we have
In particular, M is uniquely defined by X i = M (e i ), where e i ∈ Z m are standard basis elements.
On the other hand, given η (and hence Λ η ) we can formulate necessary and sufficient conditions on elements X 1 , . . . , X m ∈ F Λ to give rise to a toric frame:
(i) elements X 1 , . . . , X m are invertible and we have
Λη(e i ,e j )c i c j
is a toric frame.
2.3. Skew-symmetric quantum seeds. Fix an integer 1 ≤ n ≤ m. A skew-symmetric quantum seed is a pair (M,B) , where M is a toric frame for F Λ , andB ∈ Mat m×n (Z)
is a matrix such thatB t Λ M = I n , where I n ∈ Mat n×m (Z) is a matrix with identity block n × n and zero block n × (m − n).
Note that the upper n × n submatrix B ofB is necessarily skew-symmetric, since
For a quantum seed (M,B), we have the setX = {X 1 , . . . , X m }, where
The subset X = {X 1 , . . . , X n } is called a cluster associated to (M,B), and the elements of X are called cluster variables. The elements M (λ), λ ∈ Z m ≥0 , are called cluster monomials. The elements of C =X \ X are called coefficients.
2.4.
Mutations of skew-symmetric quantum seeds. Let (M,B) be a skew-symmetric quantum seed as above, and choose an integer 1 ≤ k ≤ n. We recall that mutation
Note that the set of coefficients C is invariant under mutations.
Definition 2.1. Let S be some equivalence class of skew-symmetric quantum seeds under mutations. Then the cluster algebra A S is the Z[q
2 ] -subalgebra of F Λ generated by the union of all clusters associated to quantum seeds in S, the coefficients and their inverses.
We will use the following replacement of matricesB. Namely, first, skew-symmetric integral matrices B ∈ Mat n×n (Z) are in bijection with quivers Q such that the vertex set V (Q) is identified with {1, . . . , n}, and there are no loops or oriented 2 -cycles in Q. The mutation of matrices corresponds to natural mutations of quivers. Further, for a matrix B ∈ Mat m×n (Z) such that the upper submatrix B ∈ Mat n×n (Z) is skew-symmetric, we can take a (non-unique) quiverQ with V (Q) = {1, . . . , m}, without loops and 2 -cycles, such that the corresponding matrix of the numbers of arrows (a ij ) 1≤i,j≤m is related toB by the formula
The mutations ofB correspond to mutations ofQ at the vertices 1, . . . , n. We denote byQ [1,...,n] the full subquiver ofQ on the vertices 1, . . . , n. Of course, positivity conjecture reduces to cluster variables, but it is more natural to consider all cluster monomials.
We would like to propose a stronger conjecture. Namely, we say that the polynomial
] satisfies Lefschetz property, if there is some N ∈ Z such that P is the non-negative linear combination of polynomials
where all the numbers k ∈ Z ≥0 , for which c k is non-zero, have the same parity.
Conjecture 2.5. In the notation of the Conjecture 2.4, the polynomials P c (q 1 2 ) satisfy Lefschetz property.
Below we will obtain the following result (see Theorem 6.6) as an application of the general formula (Theorem 5.3) for quantum cluster monomials.
Theorem 2.6. Suppose that either initial quantum seed (M (c) = X c ,B) or the mutated (by a sequence of mutations) quantum seed (M ′ ,B ′ ) is acyclic. Then the statement of Conjecture 2.5 holds for all cluster monomials M ′ (λ), λ ∈ Z m ≥0 .
Donaldson-Thomas theory for a quiver with polynomial potential
In this section we recall the Donaldson-Thomas theory for a polynomial QP (quiver with potential), mostly following Kontsevich and Soibelman [KS10] .
3.1. General notions. Let Q be a finite quiver with a set of vertices V (Q), and a ij ∈ Z ≥0
arrows from i to j. Denote by E(Q) the set of arrows (edges).
We will always consider representations as right modules over the path algebra CQ .
Take some dimension vector γ = (γ i ) i∈V (Q) ∈ Z I ≥0 . We have an affine space of complex representations in coordinate spaces C γ i :
Further, we have an algebraic group
Now, take some polynomial potential on Q, i.e. an element
In other words, W is finite linear combination of cyclic paths
We assume that c σ = 0 if σ is a path of length zero. In particular, if the quiver Q is acyclic, then W = 0.
Then, W defines a regular function on M γ :
Now, take the Jacobi algebra of (Q, W ) :
where we take the quotient by the two-sided ideal generated by partial cyclic derivatives of W by all edges a.
We have a closed G γ -invariant subset Rep(J Q,W ) γ ⊂ M γ which consists of all representations on which cyclic derivatives of W act by zero. It is easy to check that
Also, we have a closed G γ -invariant subset Nilp γ ⊂ M γ which consists of nilpotent representations. Recall that a representation E of a quiver Q is called nilpotent if all sufficiently long paths of Q act by zero on E. The intersection
is precisely the set of representations of the complete Jacobi algebrâ
(in coordinate spaces C γ i ) with dimension vector γ. Here we complete w.r.t. the length of paths.
Let us define the degree of the polynomial potential W to be the maximal length of the cycle which contributes to W. Let us say that some property holds for a generic potential W if for sufficiently large N there is a dense open subset in the affine space of potentials of degree ≤ N for which the property holds. The following observation was suggested to me by M. Kontsevich.
Proposition 3.1. For a generic polynomial potential W, we have an equality
Proof. We claim that we can find a collection of cyclic paths σ 1 , . . . , σ l such that the
is Noetherian, it suffices to show that if E ∈ M γ , and Tr E (σ) = 0 for any cyclic path σ, then E is nilpotent.
We show this as follows. Take any vertex i ∈ V (Q), and let B i ⊂ End(E i ) be anon-unital subalgebra, which is the image of (e i (CQ)e i )∩ (CQ) + , where e i ∈ CQ is the idempotent at the vertex i, and (CQ) + ⊂ CQ is the ideal generated by arrows. Then we have Tr E i (b) = 0 for any b ∈ B i . Hence, by Engel's Theorem, B i is contained in the subalgebra of strictly upper triangular matrices w.r.t. some basis of E i . It follows by Dirichlet's principle that any path in Q of length at least i∈I γ i acts by zero on E, therefore E is nilpotent.
Hence, there is a finite collection of cycles σ 1 , . . . , σ l with the required property. Now,
The statement of the Proposition follows from Bertini's Theorem, applied to the linear
Now take some central charge on Q, i.e. a homomorphism of abelian groups
given by a map
Then, for any non-zero dimension vector γ ∈ Z
\ {0} we have Z(γ) ∈ H + , thus we have Arg(Z(γ)) ∈ (0, π). Now, for any non-zero finite-dimensional representation E of Q we define its slope
Definition 3.2. A non-zero finite-dimensional representation E of Q is called stable (resp. semi-stable) w.r.t. Z if for any of its proper non-zero subrepresentation E ′ ⊂ E we have
The following is well-known:
Proposition 3.3. For any finite-dimensional representation E of Q we have a unique
semi-stable, and
This filtration is called Harder-Narasimhan filtration.
Definition 3.4. Take some sector V ⊂ H + , i.e. V is closed under summation and multiplication by positive reals (for example V may be just a ray). Then the open (but
consists of representations E such that for the Harder-Narasimhan filtration E • on E we
To see that M γ,V ⊂ M γ is indeed open, note that its complement consists of representations E ∈ M γ , such that either there exists a non-zero subrepresentation E ′ ⊂ E with
Both of these conditions are clearly closed.
Monodromic mixed Hodge structures.
We refer the reader to [S] , [PS] for the introduction to M. Saito's theory of mixed Hodge modules.
Recall the category EM HS of exponential mixed Hodge structures, which was used by Kontsevich and Soibelman [KS10] . It is defined as some full subcategory EM HS ⊂ M HM A 1 of the category of mixed Hodge modules on the affine line. Namely,
where rat :
The category EM HS is closed under the Thom-Sebastiani product ⋆ + on
where sum :
EM HS, such that p • i = id, and the composition i • p =: Π is given by the formula
where j : G m ֒→ A 1 is the embedding.
The category EM HS carries the weight filtration: for E ∈ EM HS, put
where W • E is the usual weight filtration on M HM A 1 . In particular, if S is an admissible variation of mixed Hodge structures on G m , then we have the object
Objects of EM HS of this kind form the subcategory
closed under Thom-Sebastiani product ⋆ + .
Definition 3.5. Let X be a smooth algebraic variety, f : X → C a regular function, and X sp ⊂ X 0 := f −1 (0) a locally closed subset, and let u be the coordinate on G m . Then the critical cohomology with compact support H
•,crit c (X sp , f ) is defined by the formula
Here we take the vanishing cycles functor
preserving the t-structure.
If the variety X equipped with the action of some affine algebraic group G ⊂ GL(N ), and f and X sp are G -invariant, then the equivariant critical cohomology H
•,crit c,G (X sp , f ) is defined in the standard way.
3.3. Donaldson-Thomas series. Now, for any central charge Z : Z V (Q) → C, the sector
We have the Euler form χ :
. This is a commutative ring via the Thom-Sebastiani product ⋆ + . We have the decreasing filtration
We have the object
We denote by the same letter its class inR.
Further, let H • be some graded object of M M HS, satisfying the assumption that for each p ∈ Z, W EM HS p H i = 0 for all but finitely many i. Then its class inR is defined by the formula
The motivic quantum torus T mot Q is the algebra overR[T 
We will use the modified monomialŝ
They satisfy the relations:
For any strict convex cone C ⊂ R I (not necessarily closed) one defines the completion
The product onT Q,C comes from the formula (3.1). Now, the sector V ⊂ H + defines the cone
One defines the critical DT series A V by the formula
where D is the duality functor on M M HS.
Kontsevich and Soibelman [KS10] proved the following result:
Theorem 3.6. Suppose that the sector V ⊂ H + is the disjoint union of two sectors V 1 , V 2 ⊂ H + , in the clockwise order. Then we have
3.4. Stable framed representations. Fix some 0 < φ < π, and define the sector
, where P i is indecomposable projective module in the i -th vertex. Define smooth variety
and analogously M sf r γ,<φ,λ , both equipped with G γ -action. Clearly, we have G γ -equivariant closed subsets
Take the lattice L λ = Z V (Q) × Z, and extend the form χ onto L λ by the formula
We have the corresponding motivic quantum torus T mot
and its completionT mot
).
Proposition 3.7. 1) The action of G γ on M sf r γ,≤φ,λ (resp. M sf r γ,<φ,λ ) is free, so that we have an algebraic variety
and analogously for A sf r <φ,λ . 2) We have the following identity inT mot
and analogously for A sf r <φ,λ .
Proof. 1) is standard. We present its proof for completeness, for the case of M sf r γ,≤φ,λ . The case < φ is analogous.
Suppose that g ∈ G γ , g = 1, and g · (E, u) = (E, u) for some (E, u) ∈ M sf r γ,≤φ,λ . Then we have a non-trivial automorphism g :
2) We consider only the case ≤ φ. The case < φ is analogous.
Consider the quiver Q λ , such that V (Q λ ) = V (Q)⊔{v}, the arrows between the vertices from V (Q) are the same as in Q, there are exactly λ i arrows from i to v, and no other arrows. Clearly, we have the natural identification
We define two kinds of extensions of the central charge Z :
First, choose 0 < α < min i∈V (Q) Arg(Z(e i )), where {e i , i ∈ V (Q)} is the standard basis.
If A 1 V are DT series for Q λ with central chargeZ 1 , then
In particular, we have (3.4)
Another choice of the central charge is the following. Choose some 0 < ǫ < π−φ 2 , and t > 0. PutZ
Again, we denote by A ǫ,t V the DT series for Q λ with central chargeZ ǫ,t . First, we have
Second, for a fixed ǫ we have
Finally, we claim that
Indeed, take any γ ∈ Z I ≥0 , and n ≥ 0. Choose sufficiently small ǫ > 0 in such a way that for any non-zero dimension vector γ ′ ≤ γ with Arg(Z(γ ′ )) > φ one has Arg(Z(γ ′ )) > φ + 2ǫ. Then, choose sufficiently large t > 0 in such a way that for any dimension vector
Then, it is easy to see that for the central chargeZ ǫ,t we have the
γ,≤φ,nλ . This implies the formula (3.7).
Compairing (3.4) with (3.5), (3.6) and (3.7), and applying Theorem 3.6 we get the following chain of equalities:
Now, multiplying on the left by
, and compairing the coefficients forŵ (γ,1) , we obtain the desired formula (3.3).
Categorification of quantum cluster algebras
In this section we mostly recall various notions and results related to categorification of (quantum) cluster algebras. We also explain in Subsections 4.7 and 4.8 how the DonaldsonThomas theory can be extended to some quivers with formal potentials.
4.1. Ginzburg DG algebras. The notion of Ginzburg DG algebra for a quiver with formal potential is due to Ginzburg, see [G] .
Let Q be any quiver and W a formal potential on Q, i.e. an infinite linear combination of cyclic paths of positive length. The (complete) Ginzburg DG algebraΓ Q,W is defined as follows. Define the graded quiverQ as follows. The vertex set ofQ is the same as of Q. Further, the edges ofQ are:
1) The edges of Q of degree zero;
2) The edges a * :
As a graded algebraΓ Q,W is the complete path algebra ofQ (w.r.t. the length of paths).
Further, the differential d onΓ Q,W is continuous, and on the arrows we have
We have the derived category D(Γ Q,W ), and the subcategories
where Perf(Γ Q,W ) denotes the subcategory of perfect DG modules, and D b stands for DG modules with finite-dimensional total cohomology. Denote by ι the natural embedding
see [KY] .
Since the DG algebraΓ Q,W is concentrated in non-positive degrees, we have the natural t-structures on D(Γ Q,W ) (resp. D b (Γ Q,W ) ) with the heart being the category of modules (resp. finite-dimensional modules) over H 0 (Γ Q,W ). Clearly, we have
We have isomorphisms
where the basis for
and the basis for
, where S i is the simple module at the vertex i. Moreover, the Euler pairing
is perfect since
Also, the following is well-known, see [G] or [KY] .
2) We have the Koszul resolution
4.2. Mutations of quivers with formal potentials. The notion of mutation for a quiver with formal potential is due to Derksen, Weyman and Zelevinsky [DWZ] .
Let Q be a finite quiver, and W a formal potential on Q. Take some vertex k ∈ V (Q), and assume that there are no loops at k. We recall the mutation µ k (Q, W ).
First, the pre-mutation µ 
is defined by putting
The following is proved in [DWZ] . Proposition 4.3. Any QP (Q, W ) is equivalent to the direct sum of the reduced one and the trivial one:
Both (Q, W ) red and (Q, W ) triv are determined uniquely up to equivalence, and their equivalence classes are determined by the equivalence class of (Q, W ). Now, one defines
Hence, mutation is well-defined up to equivalence. Hence, we get a decorated representation M red of (Q, W ) red , defined up to equivalence. Now, assume that there are no loops at the vertex k ∈ V (Q). We define the pre-mutation
We have natural maps α : A straightforward checking shows that αγ = 0, γβ = 0. We definē
We need to define the action of arrows of µ One can check that the defined action of Cµ pre k (Q) onM actually defines the structure ofĴ µ pre k (Q,W ) -module structure onM . We put
Again, the decorated representation µ k (M) is defined up to equivalence.
Derived equivalences.
The following is the result of Keller and Yang [KY] :
where
. We have two equivalences
such that
• We have exact triangles
4.5. Tilting. Let D be any triangulated category, and (D ≤0 , D ≥1 ) a t-structure on D,
with the heart A = D ≤0 ∩ D ≥0 . Let (T, F ) be a torsion pair in A, i.e. T, F ⊂ A are full subcategories, Hom(T, F ) = 0, and for any object E of A there is a short exact sequence
with E T ∈ T, E F ∈ F. Then, the tilted t-structure (D
) is defined by the formulas
Shifting by 1, we get the t-structure (D
), with the heart A (T,F [1]) .

The following was proved by Keller and Yang [KY]:
Theorem 4.6. With the above notation,
Here S ⊕ k is the subcategory of all direct sums of copies of S k .
From this moment we assume that the quiver Q does not have loops and 2 -cycles.
We say that QP (Q, W ) is well-mutatable at k if the quiver µ k (Q, W ) does not contain 2 -cycles (it cannot contain loops). If k = (k 1 , . . . , k r ) is the sequence of vertices of Q, k i = k i−1 , then the property to be well-mutatable with respect to the sequence k is defined inductively.
Let k = (k 1 , . . . , k r ) be the sequence of vertices, and suppose that the QP (Q, W ) is well-mutatable with respect to the sequence k. For 1 ≤ i ≤ r, put (Q i (Q, W ) ). The following result was proved by K. Nagao [Nag] .
Theorem 4.7. There exists a unique sequence of signs ǫ 1 , . . . , ǫ r ∈ {±} such that for each 1 ≤ i ≤ r we have
for some torsion pair
Proof. We present the proof here for completeness. For convenience, for two strictly full subcategories C 1 , C 2 of an abelian or triangulated category, denote by C 1 ⋆ C 2 the subcategory of all extensions of the objects of C 2 by the objects of C 1 .
Lemma 4.8. Let D be a triangulated category, and (D ≤0 , D ≥1 ) a t-structure with the heart A. Let (T, F ) be a torsion pair in A, and (T ′ , F ′ ) a torsion pair in
) (and hence the same for D ≥1 and A ), where
Proof. Straightforward.
Now define the sequence ǫ 1 , . . . , ǫ r inductively. The unique choice for ǫ 1 is " + " . If the signs ǫ 1 , . . . , ǫ i are already defined, for some 1 ≤ i ≤ r − 1, then consider two cases.
1) The simpleĴ
Then we put
2) The simpleĴ
It follows from the above Lemma that the constructed sequence satisfies the required properties. It is easy to see that it is unique with the required properties.
Connection with Plamondon's results. Plamondon [P1] constructed cluster char-
acter for arbitrary quiver with potential. For any triangulated category D, and any rigid object E ∈ D (i.e. Hom 1 (E, E) = 0 ), he defines the subcategory
where Add(E) is the full subcategory of finite direct sums of direct summands of E.
Further, he proves that the natural projection
yields an equivalence
Further, Plamondon defines a suitable subcategory of the later category, and constructs the so-called cluster character, describing all cluster monomials via Euler characteristics of quiver Grassmannians. For the details, we refer the reader to [P1] .
We will need the following result which is analogous to Plamondon's Theorem ([P1], Theorem 2.18).
Theorem 4.9. Suppose that the QP (Q, W ) is well-mutatable with respect to the sequence k = (k 1 , . . . , k r ), and
Then there is a sequence of signs ǫ 1 , . . . , ǫ r such that for 1 ≤ i ≤ r such that
The next Lemma shows that this sequence of signs is actually the same as in Theorem 4.7.
Lemma 4.10. In the assumptions of the Theorem 4.9, the sequence of signs is actually unique and satisfies the property of Theorem 4.7.
Proof. For convenience, put
The statement of the lemma essentially follows from the fact that
which is proved in [P1] . Now, let ǫ 1 , . . . , ǫ r be some sequence of signs from Theorem 4.9, and ǫ ′ 1 , . . . , ǫ ′ r the unique sequence from Theorem 4.7. Suppose that for some 0 ≤ i < r we have
It follows from the proof of Theorem 4.7 that one of the following holds:
But we have that
Hence, we have ǫ j = ǫ ′ j , 1 ≤ j ≤ r.
Taking the signs ǫ i as in Theorem 4.7, put Φ(r) := Φ kr,ǫr . . . Φ k 1 ,ǫ 1 .
Combining Lemma 4.10 and the results of [P2]
, we get the following Corollary.
Corollary 4.11. In the assumptions of Theorem 4.7, each representation H 1 (Φ(r) −1 (Γ Qr,Wr,j )), j ∈ V (Q), is either zero, or the decorated representation (H 1 (Φ(r) −1 (Γ Qr,Wr,j )), 0) of the QP (Q, W ) is obtained by the inverse sequence of mutations from the trivial decorated representation (0, e j R Qr ) of the QP (Q r , W r ). In particular, we have
4.7. 3 CY A ∞ -categories. We refer to [KS08] , [Kaj] , [C] , [CL1] , [CL2] for cyclic A ∞ -categories and potentials.
First, we recall the definition of an A ∞ -category with scalar product. Below we use Quillen notation ± meaning that the signs come from Koszul sign rule. , :
which are super-symmetric, and m n (α 0 , . . . , α n−1 ), a n = ± m n (a 1 , . . . , a n ), a 0 for homogeneous α 0 , . . . , α n with
We call such A ∞ -categories d -dimensional Calabi-Yau (or just d CY, or cyclic).
Further, an A ∞ -functor F : C 1 → C 2 between d CY A ∞ -categories is said to be compatible with d CY structure (or just cyclic) if
for homogeneous α 0 , . . . , α n , n ≥ 2.
Recall the definition of the A ∞ -category T w C for an A ∞ -category C. First, take the A ∞ -category C ′ obtained from C by adding all the shifts. Now, let S be some sequence of objects (X 1 , . . . , X n ) in C ′ . We have the A ∞ -algebra
Hom(X i , X j ), and its nilpotent A ∞ -subalgebra
Hom(X i , X j ).
Then the twisted complex is a pair (S, α) , where α ∈ End + (S) 1 is the solution of the MC equation
For a pair ((S 1 , α 1 ), (S 2 , α 2 )) of objects in T w C put
For a sequence, ((S 0 , α 0 ), . . . , (S n , α n )) of objects in T w C and homogeneous morphisms
If C is a d CY A ∞ -category, then so is T w C, with the obvious scalar product.
Let us take any formal QP (Q, W ). Then one can associate to it a 3 CY A ∞ -category
Namely, we denote the objects of C Q,W simply by S i , i ∈ V (Q), and put
The higher products and the pairing are the following. First, units 1 ∈ C = Hom 0 (S i , S i ) are strict identity morphisms. Second, the products
are just standard perfect pairings. They define the pairing , of degree 3 on C Q,W .
Further, the higher products
are given by the elements of the spaces
which are the components of the potential W. All the other higher products are zero.
The following is well-known, see [KS08] and [KY] Proposition 4.13. We have natural equivalences of triangulated categories
The equivalences Φ k,± of Theorem 4.5 are induced by A ∞ -functors
compatible with the 3 CY structures.
If A is a 3 CY algebra, then we have a formal power series on A 1 :
If f : A → B is an A ∞ -morphism compatible with 3 CY structures, then we have formal
and we havef
We would like to point out the relation of this potential with the potentials on the moduli of quiver representations. Namely, let (Q, W ) be a polynomial QP take the Calabi-Yau given by the formula
We will need the following result of [Kaj] .
Theorem 4.14. For any 3 CY A ∞ -algebra, there is a 3 CY A ∞ -isomorphism
where A min is minimal (i.e. m 1 = 0 ) and A triv is trivial (i. 
≥0 , such that the following holds. 1) Suppose that there is only one G γ -orbit in M sp γ,V , and for the corresponding representation E ofĴ Q,W we have
Then we have
2) Define the DT series A V using the classes [D(H
Suppose that we have a central charge Z ′ on Q ′ , and for some sectors V, V ′ ⊂ H + we have that
and assume that
where in the last formula [Φ] denotes the induced map on completions of motivic quantum tori.
3) If the sector V is the disjoint union of two sectors V 1 ⊔ V 2 (in the clockwise order), then we have factorization:
Remark 4.16. It is well-known (and is easy to check) that the assumption (4.5) holds for equivalences Φ coming from a single mutation, and hence from the sequence of mutations.
4.9. Torsion pairs and stability. If H + = V − ⊔ V + is the decomposition into the disjoint union of two sectors (in the clockwise order). Then we have a torsion pair (
the category modĴ Q,W . In the paper [Nag] it is shown that the torsion pairs on modĴ Q,W which appear in Theorem 4.7, are actually obtained in this way.
Now let k = (k 1 , . . . , k r ) be a sequence of vertices, and ǫ 1 , . . . , ǫ r a sequence of signs from Theorem 4.7. Again, put
and
By Theorem 4.15 and Proposition 4.13, if the potential W r is polynomial, then we have DT theory for QP (Q, W ).
Theorem 4.17. 1)With the above notation, there exist central charges Z i on Q, and angles 0 < φ i < π, such that
2) Assume that the potential W r is polynomial. Then, we have
(1 − q n z) is the q -Pochammer symbol.
Proof. 1) This result is proved in [Nag] , however, we propose a different and simpler proof.
First we note that the required properties for Z i and φ i are equivalent to the following: for
Further, this is equivalent to the inequality
we just need the inequalities
Put
This determines Z i uniquely, and it satisfies the required properties.
It is also clear that for any fixed φ i , the set of central charges Z i , satisfying the required properties, is in bijection with the set
.
2) First, the series A 
We are left to prove that
We will consider the case ǫ i = + (the case ǫ i = − is analogous). Then we have
It is clear from the proof of 1) that we can choose Z i−1 and φ i−1 in such a way that
δ) satisfies the required properties. We have (again by Theorem 4.15, 1), and Remark 4.16)
which (together with Theorem 4.15, 3)) implies (4.6). This proves 2).
Laurent phenomenon via stable framed representations
Let now L = Z m , Λ : L × L → Z a skew-symmetric form, and
the associated motivic quantum torus. Fix some 1 ≤ n ≤ m, and suppose that
is the skew-symmetric quantum seed. Let S be its mutation-equivalence class, and A S ⊂ F Λ the associated quantum cluster algebra.
If (M ′ ,B ′ ) is some quantum seed, mutation-equivalent to (M,B), then by Laurent phenomenon, for each λ ∈ Z m ≥0 we have that M ′ (λ) ∈ T Λ , so we have a well-defined element
Take the quiver Q as in Subsection 2.4. Namely, V (Q) = {1, . . . , m}, and Q is without loops and 2-cycles, so that
We do not impose any restrictions for the numbers a ij for n + 1 ≤ i, j ≤ m.
Let W be some formal potential on Q. We have an identification
and for the embedding ι :
by Proposition 4.1. It follows from the compatibility condition on Λ andB that
Let C [1,...,n] ⊂ modĴ Q,W be the subcategory of representations supported on the vertices 1, . . . , n. It follows from (5.1) and Proposition 4.1 that for any two objects E, F ∈ C [1,...,n] we have
Therefore, the coordinate sublattice
, equipped with the natural injective morphism
From now on, we identify the elements of T mot [1,...,n] with their images in T mot Λ , and similarly for various completions. Now, let k = (k 1 , . . . , k r ) be any sequence of vertices, 1 ≤ k i ≤ n, k i = k i+1 . We assume that W is well-mutatable with respect to k. As above, we put
Assumption. We may and will assume that W r is a polynomial potential on Q r .
We have a sequence of signs ǫ 1 , . . . , ǫ r ∈ {±} as in Theorem 4.7. Again, we put
Note that we have an inclusion
which follows from the proof of Theorem 4.7.
Take the central charge Z r on Q, and an angle φ r from Theorem 4.17. Then, the DT series A Zr V >φr is well-defined, and it belongs to the completion of T mot [1,...,n] , hence we may and will treat it as an element of the completion of T mot Λ .
For convenience, we put
−1 (Γ Qr,Wr,j ).
Z m → F λ be the mutated toric frame. Then, for any λ ∈ Z m ≥0 , we have the equality
Proof. First, the statement reduces to the case when λ j = δ kj for some 1 ≤ k ≤ m. So, we will assume that this is the case. By Theorem 4.17, we have that
We will prove by induction on 0 ≤ i ≤ r that
For i = 0, there is nothing to prove. Suppose that (5.3) is proved for some i = l,
Now, for the case k = k l+1 , we need the following Lemma.
Lemma 5.2. Let x, y be some formal variables, satisfying
Proof. Indeed, it suffices to note that
Applying the above Lemma to x =ŵ [S(l+1) 
, and q 1 2 replaced by T 1 2 , we obtain the following equality:
Then, applying the inductive assumption, we conclude that (5.3) holds for i = l + 1,
The central charge Z r on Q defines the central charge Z ′ r on Q r , namely
Moreover, the RHS is actually a finite sum.
In particular, we have that
Proof. First we show that the sum in the RHS is finite. Take the projectiveĴ Qr,Wr -modulê
, u :Ĵ Qr,Wr,λ → E)) defines a point in M sp,sf r γ,π−φr,λ iff the map
is surjective. By Corollary 4.11, H 1 (Φ(r) −1 (Ĵ Qr,Wr,λ )) = H 1 (Γ k,λ ) is finite-dimensional.
In particular, M sp,sf r γ,π−φr,λ can be non-empty only if
This implies that the sum in the RHS of (5.4) is finite. By (5.2), we have that
Hence, for all γ which contribute to the RHS of (5.4), we have that
Thus, (5.4) follows immediately from Theorem 5.1, Theorem 4.15, 2), Remark 4.16 and Proposition 3.7.
Further, it follows that
so (5.5) holds.
6. Positivity conjecture via purity Definition 6.1. A graded object H • in the category M M HS (with H n = 0 for |n| >> 0 ) is said to admit a Lefschetz operator centered at N, if there is a morphism
which induces isomorphisms
Corollary 6.2. In the assumptions of Theorem 5.3, suppose that for some λ and for all γ we have that H Proof. Our assumption, together with (5.5), immediately implies that
The second assertion is then clear.
For any representation E of a quiver Q, and a dimension vector γ ∈ Z V (Q) , the quiver Grassmannian Gr(E, γ) is the scheme of subrepresentations E ′ ⊂ E with dim(E/E ′ ) = γ.
Clearly, Gr(E, γ) is a projective scheme. 
In particular, the scheme M sp,sf r γ,<(π−φr),λ is projective.
Proof. We have already seen in the proof of Theorem 5.3 that there is a bijection between closed points of these schemes. It is easy to show that it is induced by an isomorphism of schemes.
Remark 6.4. In [P1] , Plamondon obtains a general formula for cluster monomials in commutative cluster algebras. The same formulas are actually obtained in [DWZ2] , the coincidence is shown in [P2] . The resulting coefficients are Euler characteristics of some quiver Grassmannians. By Corollary 4.11, these quiver Grassmannians are precisely
On the other hand, the Euler characteristics of critical cohomology (under the assumption of Proposition 6.3) coincides with Behrend's weighted Euler
where for any scheme X the weighted Euler characteristics is defined using constructible function (Behrend's function)
This motivates the following question.
Question. Let (Q, W ) be a formal QP, and M ∈ modĴ Q,W is such that the decorated representation (M, 0) has E -invariant zero (see [DWZ] , [P2] ). Is it true that for all γ ∈
the Behrend's function ν : Gr(E, γ) → Z is identically equal to 1 ?
Proposition 6.5. In the assumptions of Theorem 5.3, suppose that for all γ and for generic W r (possibly depending on γ ) the subvariety
is a union of connected components of Crit((W r ) γ ), and assume that the restriction of In particular, in this case the Conjecture 2.5 holds for M r (λ).
Proof. Indeed, by the general theory of M. Saito, the direct image for a proper morphisms preserves weights (for objects of the derived category), and the cohomology of the direct image by a projective morphism of a pure Hodge module admits a Lefschetz operator, see [PS] . Theorem 6.6. In the assumptions of Theorem 5.3, suppose that either Q [1,...,n] or (Q r ) [1,...,n] is acyclic quiver. Then for any λ ∈ Z m ≥0 , γ ∈ Z n ≥0 , we have that the assumptions of Proposition 6.5 hold. In particular, Conjecture 2.5 holds for all the cluster monomials M r (λ).
Proof. First, consider the case when the quiver (Q r 
and we have that 
We have that locally at each point p ∈ M sp,sf r γ,π−φr,λ the function W γ is analytically equivalent to a quadratic form of even rank
Indeed, if the point p is given by (E, u), then the minimal potential on
equals to zero by Theorem 4.14, and from the same Theorem it follows that W γ in the neighborhood of p is formally, hence analytically, equivalent to a quadratic form of rank as in the above formula. The rank is even by Remark 4.16.
Therefore, the restriction of the mixed Hodge module
Hodge module of weight
Remark 6.7. In the case when Q [1,...,n] is acyclic, the positivity conjecture (and also Conjecture 2.5) has already been shown by F. Qin [Q] . He interprets quantum cluster monomials via Serre polynomials of quiver Grassmannians, and these quiver Grassmannians are ac-
The cohomology of these Hodge-Tate smooth projective varieties actually coincide (up to a twist and a shift) with our critical cohomology.
The following conjecture was suggested to me by M. Kontsevich.
Conjecture 6.8. In the above notation, for the generic potential W r (possibly depending on γ ) the critical cohomology H Namely, consider the case n = 3, and take the initial quiver Q such that the coefficientfree part Q [1, 2, 3] is just a cycle of length 3, i.e. a 12 = a 23 = a 31 = 1, a 11 = a 22 = a 33 = a 21 = a 32 = a 13 = 0, with the potential W, when restricted to Q [1, 2, 3] equal to this cyclic path. Then, taking the sequence of mutations k = (1, 2, 3, 1) , we obtain the quiver Q 4 , for which (Q 4 ) [1, 2, 3] is again a cycle of length 3, but in the opposite direction, and the potential W 4 (again, restricted to (Q 4 ) [1, 2, 3] ) is again this cyclic path. It is easy to check that the resulting torsion pair in modĴ Q,W is precisely
This means that for
Let us describe this variety in the case
In this case it is a toric variety
where U ⊂ A 6 u 1 ,u 2 ,u 3 ,x 12 ,x 23 ,x 31 is an open subset given by (u 1 , x 31 ) = (0, 0), (u 2 , x 12 ) = (0, 0), (u 3 , x 23 ) = (0, 0), (u 1 , u 2 , u 3 ) = (0, 0, 0).
The action of (C * ) 3 is described by the formula
The potential f : X → C is given by the formula f = x 12 x 23 x 31 .
We have
-a union of three projective lines intersecting at one point
Since the weight filtration is the subject of Betti realization, we can consider the perverse sheaves of Q -vector spaces, and take the vanishing cycles functor φ f without multiplying
The second one is the homotopy category of the D( Z/2 -)G category of matrix factorizations M F (X, f ) [Or2] , [PV] , [LP] , [Pos] .
By the theorem of Orlov [Or2] , we have an equivalence
This in particular explains that the category D sg (X 0 ) is 2 -periodic. In general these (equivalent) categories are not Karoubi complete, and we consider the Karoubian completion
Conjecture 7.2. Let X be some moduli space of stable framed representations M sf r γ,π−φr,λ which arise in Theorem 5.3, and let f = (W r ) γ : X → C, where W r is generic polynomial potential. Then the category D sg (X 0 ) κ admits a full strong exceptional collection.
This conjecture implies the purity conjecture, i.e. the first half of Conjecture 6.8, and
hence the positivity conjecture.
Appendix
In this Appendix we prove Theorem 4.15.
Let us consider the following situation. Let A be a 3 CY algebra, i.e. an A ∞ -algebra with scalar product of degree 3. Let us assume that m n = 0 for n > N.
Then the potential defined above is the well-defined polynomial function,
The set of its critical points is precisely the set of Maurer-Cartan solutions:
m n (α, . . . , α) = 0} = M C(A) ⊂ A.
The points of this set are objects of the 3 CY A ∞ -category, which we denote by MC(A) ∞ (and which is defined exactly as the 3 CY A ∞ -category of twisted complexes).
Suppose that we are given with some full A ∞ subcategory C ⊂ MC(A) ∞ , such that Mat n j (C), where J(X) is the Jacobson radical of the algebra Hom 0 Ho(C) (X, X), and the numbers t, n 1 , . . . , n t , and dim J(X) do not depend on X ∈ Y i . In particular, the class Proof. This class is actually dual to the Hodge realization of the motivic Milnor fiber used in [KS08] . Namely, for any smooth complex algebraic variety X with a regular function W Denef and Loeser ([DL1] , [DL2] ) define the element S W ∈ M µ (X 0 ), where X 0 = W −1 (0), µ = lim ← µ n , and for a scheme Y one defines M µ (Y ) to be the localized Grothendieck group of Y -schemes with good action of µ. Further, for any locally closed embedding ι : Z ֒→ X 0 , denoting by p : Z → pt the projection we get the element
There is a natural map
. If X is an algebraic variety with good action of some µ n , then one puts
The map F is actually a homomorphism, where one considers the Thom-Sebastiani product on M µ C [DL3] . According to [KS08] , we have the equality Ho(MC(A)∞) (X 2 , X 1 ) = 0, X 1 ∈ Ob(C 1 ), X 2 ∈ Ob(C 2 ).
Then define the subcategory C 1,2 ⊂ MC(A) ∞ , C 1,2 = {α = (α 11 , α 12 , α 21 , α 22 ) ∈ M C(A) | α 12 = 0, α 11 ∈ Ob(C 1 ), α 22 ∈ Ob(C 2 )}. .
Proof. This follows from the Integral Identity proved by in [KS10] , Subsection 7.8. The implication is similar to [KS10] , Subsection 7.7.
We formulate once again Theorem 4.15. Suppose that we have a central charge Z ′ on Q ′ , and for some sectors V, V ′ ⊂ H + we have that
Proof. We have the objects φ(S i ) ∈ T w C Q ′ ,W ′ , i ∈ V (Q). For any γ ∈ Z V (Q) ≥0 , put
Put
A γ := End T w C Q ′ ,W ′ (X γ ).
For any central charge Z on Q, and a sector V ⊂ H + , take the subcategory C γ,V ⊂ MC(A γ ) ∞ , corresponding to MC solutions α ∈ A 1 γ , which are strictly upper-triangular with respect to some order of direct summands of X γ , and such that the corresponding The property 1) follows directly from the definition.
